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2 $(1+1$ $)$ Yang-Baxter
$R_{12}R_{13}R_{23}=R_{23}R_{13}R_{12}, R_{21}K_{2}R_{12}K_{1}=K_{1}R_{21}K_{2}R_{12}$ . (1)
$V$ $R\in$ End$(V\otimes V),$ $K\in$ End(V) End$(V\otimes V\otimes V)$ ,
End$(V\otimes V)$ $V\otimes V\otimes V$ $V\otimes V$
$R= \sum_{i}a_{i}\otimes b_{i}$ $R_{13}= \sum_{i}a_{i}\otimes 1\otimes b_{i}$ . $j$
$i$ $i$ $R_{21}=P_{12}R_{12}P_{12}= \sum_{i}b_{i}\otimes a_{i}$
(1)
1: Yang-Baxter ( ) ( ).
1 $+$ 1





Yang-Baxter 3 (Tetrahedron eq) [12] 3
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($3D$ Reflection eq) [3]
Tetrahedron eq. : $R_{124}R_{135}R_{236}R_{456}=R_{456}R_{236}R_{135}R_{124}$, (2)
$3D$ Reflection eq. : $R_{489}K_{3579}R_{269}R_{258}K_{1678}K_{1234}R_{654}=R_{654}K_{1234}K_{1678}R_{258}R_{269}K_{3579}R_{489}$ . (3)
$V,$ $W$ $R\in$ End$(V\otimes V\otimes V),$ $K\in$ End$(W\otimes V\otimes W\otimes V)$
(2) (3) End$(V^{\otimes 6})$ End$(W\otimes V\otimes W\otimes V\otimes V\otimes V\otimes W\otimes V\otimes V)$
$R$ $K$
$R_{654}=P_{46}R_{456}P_{46}$




3 string( ) string
3 string




1 3 ( )8,5,2 A, $B,$ $C$
A, $C$ $B$ 3 $ABC$ 8,5,2
$P,$ $Q,$ $R$ 3 $ABC$ 4,6,9 3 $PQR$
1,3,7 ( ) 4,6,9 1,3,7
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$A,$ $B,$ $C$ 3 $R$ 2 2







( ) String 3 3 2
( 3 7) $Q$ (
) 2 5 9
$Q$ $K_{3579}$ $K_{167S},$ $K_{1234}$ 3
1,3,7 (3) $K$ $R$





(i) (m) (i) Isaev-Kulish
2
$\mathfrak{g}$ Lie Lie $q$ ( ) [2, 8, 10] $A_{q}(\mathfrak{g})$
$q$ generic $A_{q}(sl_{2})$ tll, $t_{12},$ $t_{21},$ $t_{22}$
$t_{11}t_{21}=qt_{21}t_{11}, t_{12}t_{22}=qt_{22}t_{12}, t_{11}t_{12}=qt_{12}t_{11}, t_{21}t_{22}=qt_{22}t_{21},$
(4)
$[t_{12}, t_{21}]=0, [t_{11}, t_{22}]=(q-q^{-1})t_{21}t_{12}, t_{11}t_{22}-qt_{12}t_{21}=1$
$A_{q}(\mathfrak{g})$ $U_{q}(\mathfrak{g})$ Hopf
$\Delta(t_{lj})=\sum_{k}t_{ik}\otimes t_{kj}$
$Osc_{q}=\langle a^{+},$ $a^{-},$ $k\rangle$ $q$-boson (Oscillator).
$ka^{+}=qa^{+}k, ka^{-}=q^{-1}a^{-}k, a^{-}a^{+}=1-q^{2}k^{2}, a^{+}a^{-}=1-k^{2}$ (5)
$Osc_{q}$ Fock $\mathcal{F}_{q}=\oplus_{m\geq 0}\mathbb{C}(q)|m\rangle$
$k|m\rangle=q^{m}|m\rangle, a^{+}|m\rangle=|m+1\rangle, a^{-}|m\rangle=(1-q^{2m})|m-1\rangle$ (6)
$a^{+},$ $a^{-,k}$ End $(\mathcal{F}_{q})$ $A_{q}(sl_{2})$





(i) $A_{q}(\mathfrak{g})$ $\mathfrak{g}$ Dynkin $i$ $\pi_{i}$
(ii) $A_{q}(\mathfrak{g})$ $\mathfrak{g}$ $W(\mathfrak{g})$ 1:1
(iii) $w=s_{i_{1}}\cdots s_{i_{r}}\in W(\mathfrak{g})$ $\pi_{i_{1}}\otimes\cdots\otimes\pi_{i_{r}}$
(i) $i$ $\mathfrak{g}$ $sl_{2}$ $sl_{2,i}$ $\pi_{i}$ $A_{q:}(sl_{2,i})arrow A_{q}(\mathfrak{g})$ (7)




$s_{i_{1}}\cdots s_{i_{r}}=sj_{1}\ldots s_{j_{r}}$ $\pi_{i_{1,}i_{r}}\simeq\pi_{j_{1},\ldots,j_{r}}$ . (S)
( intertwiner )
3 $A$ :
$A_{q}(sl_{n})$ $(1\leq i,j\leq n)$
$t_{ik}t_{jk}=qt_{jk}t_{ik}(i<j)$ , $t_{ki}t_{kj}=qt_{kj}t_{ki}(i<j)$ , $[t_{ik}, t_{jl}]=\{\begin{array}{ll}0 (i<j, k>l) ,(q-q^{-1})t_{jk}t_{il} (i<j, k<l)\end{array}$
$=1$ , $\sum_{\sigma\in \mathfrak{S}_{n}}(-q)^{\ell(\sigma)}t_{1\sigma_{1}}\cdots t_{n\sigma_{n}}=1$ $\ell(\sigma)$ $\sigma$
$\Delta(t_{ij})=\sum_{k}t_{ik}\otimes t_{kj}$ (4) $n=2$
$n=3$ $W(sl_{3})=\langle s_{1},$ $s_{2}\rangle$
$(\begin{array}{lll}t_{11} t_{12} t_{13}t_{21} t_{22} t_{23}t_{31} t_{32} t_{33}\end{array})\mapsto(\begin{array}{lll}a^{-} k 0-qk a^{+} 00 0 l\end{array}) (\pi_{1}) , (\begin{array}{lll}1 0 00 a^{-} k0 -qk a^{+}\end{array}) (\pi_{2})$ . (9)
Coxeter $s_{2}s_{1}s_{2}=s_{1}s_{2}s_{1}$ $\pi_{212}\simeq\pi_{121}$ $\Phi\in End(\mathcal{F}_{q}^{\otimes 3})$
intertwiner $(|a\rangle\otimes|b\rangle\otimes|c\rangle |a, b, c\rangle )$
$\pi_{212}(g)\circ\Phi=\Phi\circ\pi_{121}(g)(\forall g\in A_{q}(sl_{3}))$ , $\Phi(|0,0,0\rangle)=|0,0,0\rangle$ ( ). (10)
$\pi_{212}(g)$ $(\pi_{2}\otimes\pi_{1}\otimes\pi_{2})(\Delta(g))$ $\Delta(t_{ij})=\sum_{k,l}t_{ik}\otimes t_{kl}\otimes t\iota j$
intertwiner 1 $|0,0,$ $\ldots,$ $0\rangle\mapsto|0,0,$ $\ldots$ , $0\rangle$
$\Phi$ ([4, 1])
$R:= \Phi P_{13}, R|i,j, k\rangle=\sum_{a,b,c}R_{ijk}^{abc}|a, b, c\rangle$, (11)
$R_{ijk}^{abc}= \delta_{i+j,a+b}\delta_{j+k,b+c}\sum_{\lambda,\mu\geq 0,\lambda+\mu=b}(-1)^{\lambda}q^{i(c-j)+(k+1)\lambda+\mu(\mu-k)}\{\begin{array}{l}i,j,c+\mu\mu,\lambda,i-\mu,j-\lambda,c\end{array}\}$ (12)







$R^{-1}=R, R_{ijk}^{abc}=R_{kji}^{cba}, (q^{2})_{a}(q^{2})_{b}(q^{2})_{c}R_{ijk}^{abc}=(q^{2})_{i}(q^{2})_{j}(q^{2})_{k}R_{abc}^{ijk}$ , (13)






3. ([4]) $R$ (2)
$A_{q}(sl_{4})$ $W(sl_{4})=\langle s_{1},$ $s_{2},$ $s_{3}\rangle$ $s_{2^{S}1^{S}2}=s_{1}s_{2}s_{1},$ $s_{3}s_{2}s_{3}=$
$s_{2}s_{3}s_{2},$ $s_{1}s_{2}s_{3}s_{1}s_{2}s_{1}=s_{3}s_{2}s_{3}s_{1}s_{2}s_{3}$ 2




$s_{1}s_{3}=s_{3}s_{1}$ $\pi_{13}\simeq\pi_{31}$ intertwiner $P_{12}$
$s_{1}s_{2}s_{3}s_{1}s_{2}s_{1}=s_{3^{S}2^{S}3^{S}1^{S}2^{S}3}$ $s_{1}s_{3}=s_{3}s_{1},$ $s_{2}s_{1}s_{2}=s_{1}s_{2}s_{1},$ $s_{3}s_{2}s_{3}=s_{2^{S}3^{S}2}$
$\Phi^{(3)}$ $\Phi^{(1)},$ $\Phi^{(2)}$ $P$
2
$123121 \Phi_{456}^{(1)} 123121 P_{34}$
$123212 \Phi_{234}^{(2)} 121321 \Phi_{123}^{(1)}$
$\underline{13}2\underline{31}2 P_{12}P_{45} 212321 \Phi_{345}^{(2)}$
$312132 \Phi_{234}^{(1)} 2\underline{13}2\underline{31} P_{23}P_{56}$
$321232 \Phi_{456}^{(2)} 231213 \Phi_{345}^{(1)}$




$\Phi^{(1)},$ $\Phi^{(2)}$ (15) (10) (11) $\Phi_{1jk}^{(1)}=\Phi_{ijk}^{(2\rangle}=$
$\Phi=R_{ijk}P_{ik}$ (17) $P_{ij}$ (2) $\square$
$R$ 3 $R$ (2) $V=\mathcal{F}_{q}$ Intertwiner
(11) $\Phi$ $R$ $R$ $R$ $\check{R}$
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4 $C$ :3
$A_{q}(sp_{2n})$ $RTT$ [8] $A_{q}(sp_{6})$
$(1\leq i,j\leq 6)$ A $\Delta(t_{ij})=\sum_{k}t_{ik}\otimes t_{kj}$
[5, sec.3] $\pi_{1},$ $\pi_{2},$ $\pi_{3}$ $(t_{ij})_{1\leq i,j\leq 6}$
(7) $\alpha,$ $\mu$
$\pi_{1} \pi_{2} \pi_{3}$
$(a_{0}^{-}000$ $a_{0}^{+}00k0$ $000001$ $000001$ $a^{-}qk0000$ $-ka^{+}0000),$ $(_{0}^{1}0000$ $-qka_{0}^{-}000$ $a_{0}^{+}00k0$ $a_{0}^{-}qk000$ $-ka_{0}^{+}000$ $010000),$ $(_{0}^{1}0000$ $000001$ $-q^{2}KA^{-}0000$ $A^{+}K0000$ $000001$ $010000)$ .
$A^{\pm},$ $K$ $Osc_{q^{2}}$ (5) $q$ $q^{2}$ $\pi_{1},$ $\pi_{2}$ $\mathcal{F}_{q},$
$\pi_{3}$ $\mathcal{F}_{q^{2}}$
$W(sp_{6})=\langle s_{1},$ $s_{2},$ $s_{3}\rangle$ $s_{1^{\mathcal{S}}3}=s_{3^{\mathcal{S}}1},$ $s_{1^{S}2^{S}1}=s_{2^{\mathcal{S}}1^{S}2},$ $s_{2^{S}3^{S}2^{\mathcal{S}}3}=$
$s_{3^{S}2^{S}3^{S}2}$ (8)
$\pi_{13}\simeq\pi_{31}, \pi_{121}\simeq\pi_{212}, \pi_{2323}\simeq\pi_{3232}$ (lS)
intertwiner $P_{12}$ $\Phi=RP_{13}$ 3
$R$ 3 $R$ (11) 3 intertwiner $\Psi$
$\Psi;\mathcal{F}_{q}\otimes \mathcal{F}_{q^{2}}\otimes \mathcal{F}_{q}\otimes \mathcal{F}_{q^{2}}arrow \mathcal{F}_{q^{2}}\otimes \mathcal{F}_{q}\otimes \mathcal{F}_{q^{2}}\otimes \mathcal{F}_{q}, \pi_{3232}\circ\Psi=\Psi\circ\pi_{2323}$ (19)
$\Psi$





$\cross K_{a,b+c-\alpha-\beta-\gamma,0,c+d-\alpha-\beta-\gamma}^{i,j+k-\alpha-\beta-\gamma,0,k+l-\alpha-\beta-\gamma}\{\begin{array}{l}k,c-\beta,j+k-\alpha-\beta,k+l-\alpha-\beta\alpha,\beta,\gamma,b-\alpha,d-\alpha,k-\alpha-\beta,c-\beta-\gamma\end{array}\}$ , (21)
$\phi_{1}=\alpha(\alpha+2c-2\beta-1)+(2\beta-c)(b+c+d)+\gamma(\gamma-1)-k(j+k+l)$ .
$\alpha,$ $\beta,$ $\gamma\in \mathbb{Z}_{\geq 0}$ (21) $K$




$R$ $K$ $K$ [5].
$K^{-1}=K,$ $(q^{4})_{a}(q^{2})_{b}(q^{4})_{c}(q^{2})_{d}K_{ijkl}^{abcd}=(q^{4})_{i}(q^{2})_{j}(q^{4})_{k}(q^{2})_{l}K_{abcd}^{ijkl}$, (23)
$K_{ijkl}^{abcd}\in \mathbb{Z}[q],$ $K_{ijkl}^{abcd}|_{q=0}=\delta_{i,a’}\delta_{j,b’}\delta_{k,c’}\delta_{l,d’},$ $a’=x+a+b-d,$ $b’=c+d-x- \min(a, c+x)$ , (24)
$c’= \min(a, c+x), d’=b+(c-a+x)_{+}, x=(c-a+(d-b)_{+})_{+}.$
5. $K_{2110}^{abcd}$ $0$
$K_{2110}^{1300}=q^{8}(1-q^{8}) , K_{2110}^{2110}=-q^{4}(1-q^{8}+q^{14})$ ,
$K_{2110}^{2201}=-q^{6}(1+q^{2})(1-q^{2}+q^{4}-q^{6}-q^{10}) , K_{2110}^{3011}=1-q^{8}+q^{14},$
$K_{2110}^{3102}=-q^{10}(1-q+q^{2})(1+q+q^{2}) , K_{2110}^{4003}=q^{4}.$
6. ([5]) 3 $R$ $R$ $K$ 3
$R_{456}R_{4S9}K_{3579}R_{269}R_{25S}K_{167S}K_{1234}=K_{1234}K_{167S}R_{25S}R_{269}K_{3579}R_{4S9}R_{456}$ . (25)





$P,$ $\Phi,$ $\Psi$ 2
$123212323 \Psi_{6789} 123212323 \Phi_{456}^{-1}$
$123213232 P_{56} 123121323 P_{34}P_{67}$
$123231232 \Psi_{2345} 121323123 \Phi_{123}$
$132321232 \Phi_{567} 212323123 \Psi_{3456}$
$132312132 P_{12}P_{45}P_{7S} 213232123 \Phi_{678}^{-1}$
$312132312 \Phi_{234} 213231213 P_{23}P_{56}P_{89}$
$321232312 \Psi_{4567} 231213231 \Phi_{345}$
$321323212 \Phi_{789}^{-1} 232123231 \Psi_{5678}$
$321323121 P_{34}P_{67} 232132321 P_{45}$





$\Phi_{ijk}=R_{ijk}P_{ik},$ $\Psi_{ijkl}=K_{ijkl}P_{il}P_{jk}$ $j$ (25)
3 $K$ $3$ $K$
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5 PBW




$A=(a, b, c)\in \mathbb{Z}_{\geq 0}^{3}$ $\overline{A}=(c, b, a)$
$E_{A}=e_{1}^{(a)}e_{12}^{(b)}e_{2}^{(c)}\in U_{q}^{+}, E_{\overline{A}}’=\chi(E_{A})=e_{2}^{(c)}e_{21}^{(b)}e_{1}^{(a)}\in U_{q}^{+}$ , (2S)
$e_{i}^{(a)}= \frac{e_{i}^{a}}{[a]!}(i=1,2,12,21) , e_{12}=\frac{e_{1}e_{2}-qe_{2}e_{1}}{q^{-1}-q}, e_{21}=\frac{e_{2}e_{1}-qe_{1}e_{2}}{q^{-1}-q}$ (29)
$\chi$ $\chi(e_{1})=e_{1},$ $\chi(e_{2})=e_{2}$ $U_{q}^{+}$ $[a]!=[a]_{q}!=$
$[a]_{q}[a-1]_{q}\cdots[1|_{q},$ $[a]_{q}=L^{--a}q-qa_{A_{-\mathcal{T}}}$
$\{E_{A}|A\in \mathbb{Z}_{\geq 0}^{3}\}$ $\{E_{\overline{A}}’|A\in \mathbb{Z}_{\geq 0}^{3}\}$ $U_{q}^{+}$ $PBW$ $(Poincar\acute{e}-B$irkhoff-Witt $)$
Lusztig [7] $\gamma=(\gamma_{ijk}^{abc})$
$E_{A}= \sum_{B}\gamma_{B}^{A}E_{\overline{B}}’$ , i.e., $e_{1}^{(a)}e_{12}^{(b)}e_{2}^{(c)}= \sum_{i,j,k}\gamma_{ijk}^{abc}e_{2}^{(k)}e_{21}^{(j)}e_{1}^{(i)}$ (30)
7. ([9]) $R$ 3 $R$ (11) $\gamma=R$ . (12) $\gamma_{ijk}^{abc}=R_{ijk}^{abc}.$
$R$ (12) $\delta_{i+j,a+b}\delta_{j+k,b+c}$ $E_{a,b,c}$ E
2 $\mathfrak{g}l_{\overline{\llcorner}}$ [6]. $sp_{4}$
$U_{q}^{+}=U_{q}^{+}(sp_{4})=\langle e_{1},$ $e_{2}\rangle$ $U_{q}(sp_{4})$ $q$-Serre
$e_{1}e_{2}^{2}-(q^{2}+q^{-2})e_{2}e_{1}e_{2}+e_{2}^{2}e_{1}=0,$ $e_{2}e_{1}^{3}-(q^{2}+1+q^{-2})e_{1}e_{2}e_{1}^{2}+(q^{2}+1+q^{-2})e_{1}^{2}e_{2}e_{1}-e_{1}^{3}e_{2}=0.$
$A=(a, b, c, d)\in \mathbb{Z}_{\geq 0}^{4}$ $\overline{A}=(d, c, b, a)$ PBW $E_{A},$ $E_{\overline{A}}’$
$E_{A}=e_{2}^{(a)}e_{12}^{(b)}e_{112}^{(c)}e_{1}^{(d)}\in U_{q}^{+},$ $E_{\overline{A}}’=\chi(E_{A})=e_{1}^{(d)}e_{211}^{(c)}e_{21}^{(b)}e_{2}^{(a)}\in U_{q}^{+}$ , (31)
$e_{\iota’}^{(a)}= \frac{e_{i}^{a}}{[a]_{q}!}(i=1,12,21)$ , $e_{i}^{(a)}= \frac{e_{i}^{a}}{[a]_{q^{2}}!}(i=2,112,211)$ , (32)
$e_{12}=e_{1}e_{2}-q^{2}e_{2}e_{1},$
$e_{112}= \frac{e_{1}e_{12}-e_{12}e_{1}}{q+q-1},$ $e_{21}=e_{2}e_{1}-q^{2}e_{1}e_{2},$ $e_{211}= \frac{e_{21}e_{1}-e_{1}e_{21}}{q+q^{-1}}$ . (33)
$\chi$ $sl_{3}$ $E_{A},$ $E_{A}’$ [11] $E_{2}^{A},$ $E_{1}^{A}$ $v=q^{-1}$
(30) $\gamma=(\gamma_{ijkl}^{abcd})$
$e_{2}^{(a)}e_{12}^{(b)}e_{112}^{(c)}e_{1}^{(d)}= \sum_{i,j,k\iota},\gamma_{ijkl}^{abcd}e_{1}^{(l)}e_{211}^{(k)}e_{21}^{(j)}e_{2}^{(i)}.$
8. ([6]) $K$ 3 $K$ ( 4) $\gamma=K$ . $\gamma_{ijk\iota}^{abcd}=K_{ijkl}^{abcd}.$
$K$ (21) $\delta_{a+b+c,i+j+k}\delta_{b+2c+d,j+2k+\iota}$ $E_{a,b,c,d}$ $E_{l,k,j,i}’$
7 8 PBW (14) (24)
Lusztig [7, Prop.2.3]
(2013 1 31 )
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